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Abstract
We theoretically establish the existence status of some previously open abelian difference sets. More precisely, we show the
nonexistence of all the following difference sets: (841, 120, 17) inZ29 ×Z29, (364, 121, 40) inZ2 ×Z2 ×Z7 ×Z13, (837, 133, 21)
in Z3 × Z3 × Z3 × Z31, Z3 × Z9 × Z31 and Z837.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a multiplicatively written group of order v. A subset D of G of size k is said to be a (v, k, ) difference set in
G if each nonidentity element can be expressed in exactly  ways as d(d ′)−1, where d, d ′ ∈ D. A (v, k, ) difference
set is said to be cyclic (resp. abelian) if the underlying group G is cyclic (resp. abelian). For more on difference sets,
see Lander [9] or Beth et al. [6].
Arasu and Sehgal [5] examined all possible triples (v, k, ) for which an abelian difference set could possibly exist
for k satisfying k150. They report 32 open cases in their table as undecided cases. In this paper we settle ﬁve of these
cases, thereby ﬁlling their missing entries with answer “NO”.
2. Preliminaries
In this section we state some well-known results on multipliers of a difference set.
The fundamental notion of multipliers, due to Hall [7] is very useful in the study of difference sets. LetD be a (v, k, )
difference set in an abelian group G. An automorphism  of G is said to be a multiplier of D if (D)=D + g for some
g ∈ G. An integer t relatively prime to the order of G is said to be a numerical multiplier or simply, a multiplier, if the
automorphism  : x → tx, is a multiplier of D.
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Theorem 2.1 (Second multiplier theorem, see Beth et al. [6]). Let D be an abelian (v, k, )-difference set in G, and let
m>  be a divisor of n which is co-prime with v. Moreover, let t be an integer co-prime with v satisfying the following
condition: for every prime p dividing m there exists a nonnegative integer f with t ≡ pf (mod v∗), where v∗ denotes
the exponent of G. Then t is a numerical multiplier of D.
Theorem 2.2 (McFarland and Rice [12]). Let D be a (v, k, ) difference set in an abelian group G. The group of
numerical multipliers ﬁxes at least one translate of D.
Using the above two theorems, one can investigate the existence or nonexistence of a (v, k, ) difference set. A
hypothetical difference set D with parameters (v, k, ), without loss of generality, can be assumed to be ﬁxed by a
known multiplier t of D. (Otherwise, D can be replaced by such a translate of D.) Then D must be the union of some
of the orbits of G under (x → tx). By arguing carefully, one can either construct such D or prove that D cannot exist.
Let G be a group and N a normal subgroup of G. Let H = G/N . For any subset D of G, let sg = |D ∩ gN |. The
numbers sg are called the intersection numbers of D relative to N. Then
∑
sg = k and ∑ s2g = k −  + |N |. The
following theorem is an extension of the Mann test.
Theorem 2.3. Let D be a (v, k, ) difference set in a (not necessarily abelian) group G of order v > k. Furthermore,
the u = 1 be a divisor of v, let U be a normal subgroup of order s and index u of G; put H = G/U , and assume that
H is abelian and has exponent u∗. Finally, let p be a prime not dividing u∗ and assume that tpf ≡ −1 (mod u∗) for
some suitable nonnegative integer f and some numerical G/U -multiplier t. Then the following hold:
1. p does not divide the square-free part of n = k − , say, p2j‖n (with j0);
2. pj s;
3. u>k implies that pj | k.
4. All intersection numbers of D relative to U are congruent modulo pj , say, sx ≡ y (modpj ) for all x ∈ H .
5. One has yu ≡ k (modpj ); if we choose y0 as the smallest nonnegative solution of this congruence, we also have
y0uk.
Remark: (1) is due to Mann [11], (2)–(3) are due to Jungnickel and Pott [8], (4) and (5) were proved by Arasu
et al. [2].
Let G be a multiplicatively written group of order v and R a commutative ring with unity 1. Then the group ring RG
is the free R-module with elements of G as basis equipped with the following multiplication:
(∑
g
agg
)(∑
h
bhh
)
=
∑
k
⎛
⎝ ∑
g,h;gh=k
agbh
⎞
⎠ k.
We shall identify the unities of R, G and RG and denote them by 1. We will also use the obvious imbedding of R into
RG. For each subset S of G, by abuse of notation we let S also denote the group ring element S =∑g∈S g ∈ RG. For
A =∑g∈G agg ∈ RG and any integer t, we deﬁne A(t) =∑g∈G aggt .
The following result follows readily from the deﬁnition of a difference set:
Proposition 2.4. Let D be a subset of cardinality k of a group G of order v. Let R be a commutative ring with 1.
Suppose that D is a (v, k, ) difference set in G. Then the identity
DD(−1) = (k − ) + G (1)
holds in the group ring RG. If R has characteristic 0, then the converse also holds.
We shall mostly be working with the group ring ZG, where Z is the ring of rational integers and G is an abelian group
containing a difference set. For each positive integer t, we let t denote a primitive tth root of unity. A character  of an
abelian group G is a homomorphism from G to the multiplicative group C∗ of complex numbers. If G has exponent e,
then mapsG to the group of eth roots of unity. Each character  ofG can be linearly extended to a ring homomorphism
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from ZG to Z[e], the ring of algebraic integers in the eth cyclotomic ﬁeld Q(e). The set of all characters of G is
denoted by G∗. Obviously G∗ is a group under pointwise multiplication. G∗ is called the character group of G.
The following result is well-known and is a consequence of the orthogonality relations for characters. For a proof,
we refer the reader to Mann [11].
Proposition 2.5. Let A = ∑g agg ∈ ZG. Then ag = (1/|G|)∑∈G∗ (A)(g−1). Hence, if A,B ∈ ZG satisfy
(A) = (B) for all characters  of G, then A = B. Applying characters  of G to both sides of (1), we get
(D)(D) =
{
k −  if  is nonprincipal,
k2 if  is principal. (2)
A subset D of G satisfying (2) above is a (v, k, ) difference set of G, in view of Proposition 2.5. Thus, once
a candidate subset had been identiﬁed as a difference set, formal veriﬁcation is carried out by simply calculating
the character
∑
(d), proving that its modulus is
√
k −  for all nonprincipal characters of G. The idea of using
characters to investigate difference sets is now very standard—it was formally developed in the papers of Turyn [13] and
Yamamoto [14].
3. Main results
Proposition 3.1. No (837, 133, 21) difference set exists in the following groups: Z33 × Z31, Z3 × Z9 × Z31, Z837.
Proof. If possible, assume that a (837, 133, 21) difference set exists in any one of the three given groups, call it D. Let
G denotes the underlying group. By the second multiplier theorem, 26 is a multiplier of D. Now observe that (26)3 ≡ 1
(mod 27); therefore (26)3 ≡ 1 (mod 9) and (26)3 ≡ 1 (mod 3). Also, (26)3 ≡ 163 (mod 837).
Therefore, 163 is a multiplier of D, whichever underlying group we choose. Observe that 1634 ≡ 190 (mod 837).
So 190 is a whole group multiplier of D.
Considering our multiplier of 190, we deﬁne a homomorphism to project down from G to Z31. We then denote the
kernel H. So G is the union of 31 cosets, which we label as H = H0, . . . , H31.
We have 1 singleton orbit and 6 orbits of size 5 in Z31, under our multiplier. Recall that we deﬁne the intersection
numbers of D relative to H as Sj = |D ∩ Hj | for j = 0, . . . , 30.
So our orbits actually allow us to deﬁne the equation:∑
Sj = 133 = A + 5(B + C + D + E + F + G).
We now apply Theorem 2.3, with V = 837, U = Z31, |U | = s = 31, [G : U ] = u = 27, H = G/U .
Then u∗ = {3 for Z33, 9 for Z3 × Z9, 27 for Z27}.
Let p = 2. Let j = 2. Consider the multiplier t = 1 of G/U .
21 ≡ −1 (mod 3),
23 ≡ −1 (mod 9),
29 ≡ −1 (mod 27).
So, by the Theorem 2.3, all intersection numbers of D relative toZ31 are congruent modulo 4. Denote these intersection
numbers as Tj , for j = 0, . . . , 26. So we have
Tj ≡ y (mod 4) for j = 0, . . . , 26.
Therefore∑
Tj ≡ 27y (mod 4),
and
133 ≡ 27y (mod 4).
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So, we have y ≡ 3 (mod 4). So, we know that each of the intersection numbers of D relative to Z31 is congruent to 3
modulo 4. But the multiplier t = 190 ﬁxes each coset of Z31 setwise and the orbits of t = 190 on Z31 are: 1 singleton
and 6 orbits of size 5. Thus each Tj ≡ 0 or 1(mod 5).
Solving the following congruence,
Tj ≡ 0 or 1 (mod 5),
Tj ≡ 3 (mod 4),
we determine that Tj ∈ {11, 15, 31}. But there are 27 such Tj . So, even if we consider the minimum value which all
Tj could be, we have |D| =K = 27 × 11 = 297> 133. But we assumed K = 133. So no difference set exists with the
given parameters in any of the three groups. 
Proposition 3.2. No difference set with parameters (841, 120, 17) exists in Z29 × Z29.
Proof. Let D be a (841, 120, 17) hypothetical difference set in G = Z29 × Z29. By Theorem 2.1, 103 is a numerical
multiplier of D. Since 103 ≡ 16 (mod 29), 16 is a multiplier of D. We now project from Z29 × Z29 → Z29, using
the natural homomorphism. Denote the parent group by G and the kernel by H. So G/H has exactly 29 cosets, say
H = H0, . . . , H28. Let si be the intersection numbers of D relative to H. Then
28∑
i=0
si = 120,
28∑
i=0
s22 = 120 − 17 + 17 × 29 = 596.
The multiplier 16 on Z29 has one singleton orbit and 4 orbits of size 7.
So, we have the following system of equations:∑
si = a + 7(b + c + d + e) = 120,∑
s2i = a2 + 7(b2 + c2 + d2 + e2) = 596.
We obtain all possible solutions (excluding permutations of b − e) which satisfy both equations and obtain the
following list of solutions:
1, 2, 3, 6, 6,
1, 2, 4, 4, 7,
8, 1, 5, 5, 5,
8, 3, 3, 3, 7.
Again, orbit a is represented by the numbers in column 1, however orbits b−e can be represented by any of the last four
columns. (Our proof will only require knowledge of the value of s0 = a.) The above list contains candidate solutions.
Passing the two summation equations is a necessary condition for a difference set construction, but not sufﬁcient. We
can now apply some character theory to our problem in order to determine if any of our solutions are actually possible
images of D in G.
Applying a character of order 29, we ﬁnd that the only solutions which pass the character test are (1, 2, 6, 6, 3)
and permutations of the second through ﬁfth numbers. So, D ∩ H0 consists of exactly one element. This element
must be the identity or multiplier action would insist the inclusion of more elements. This is true for any subgroup
Hi . So k = 1 = 120. This contradiction to our assumption proves that no difference set exists in G with the given
parameters. 
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Proposition 3.3. (364, 121, 40) Difference sets do not exist in Z2 × Z2 × Z7 × Z13.
Proof. LetD be a putative (364, 121, 40) difference set inG=Z2×Z2×Z7×Z13. For any subgroupN ofG of order 182,
let {a, b} denote the intersection numbers ofD relative toN. Then a+b=121 and a2+b2=121−40+40(182)=7361,
hence {a, b} = {56, 65}. Writing G/N = 〈t〉, with t2 = 1, we can assume
D = 65 + 56t , (3)
where  : G → G/N is the natural epimorphism, we now take the unique subgroup K of G of order 91, so that
G/K = Z2 × Z2 = 〈s, t |t2 = s2 = 1〉.
Let  : G → G/K be the natural epimorphism. ThenD=b0+c0s+b1t+c1st , whose b0, c0, b1, c1 are intersection
numbers of D relative to K. We have
b0 + c0 + b1 + c1 = 121,
b20 + c20 + b21 + c21 = 121 − 40 + 40(91) = 3721.
Also b0 + c0 = 65 and b1 + c1 = 56, by projecting onto a subgroup of order 2 and using (3).
Solving these, we get {b0, c0, b1, c1} = {37, 28, 28, 28}.
Note that every element of Z2 × Z2 is ﬁxed under the multiplier 3 as 3 ≡ 1 (mod 2).
So, the action of the multiplier preserves membership in each of the cosets:
{0} × {0} × Z7 × Z13,
{0} × {1} × Z7 × Z13,
{1} × {0} × Z7 × Z13,
{1} × {1} × Z7 × Z13,
for every d ∈ D. Here we have expressed the group additively. Consider the orbit structure of Z7 × Z13Z91 as
(7, 13) = 1. We have 1 singleton orbit, 4 orbits of size 3, and 13 orbits of size 6. We will use the fact 28 ≡ 37 ≡ 1
(mod 3). Each nonsingleton orbit contains a multiple of 3 elements. The only way to generate a sum of 28 or 37
in a particular coset is to pick up the singleton orbit from each coset. Thus (0, 0, 0, 0), (0, 1, 0, 0), (1, 0, 0, 0) and
(1, 1, 0, 0) ∈ D.
Excluding the singleton orbits, we have 36,27,27 and 27 elements of D to pick up in each coset.
Recall that we only have size 3 and size 6 orbits left. So, we may only pick up multiples of 3 and multiples of
6 elements of D in each coset. Furthermore, there are only 4 possible orbits of size 3 in each coset.
36 = 6 + 6 + 6 + 6 + 6 + 6
= 6 + 6 + 6 + 6 + 6 + 3 + 3
= 6 + 6 + 6 + 6 + 3 + 3 + 3 + 3.
There are the only ways to split 36 as we only have 4 orbits of size 3 for a particular coset.
27 = 6 + 6 + 6 + 6 + 3
= 6 + 6 + 6 + 3 + 3 + 3.
Again, we only have 4 orbits of size 3 for a particular coset. So, these are the only ways to split 27.
We now apply a character of order 7.
Note that on each orbit of size 6 that each element mod 7 is the list {1, 2, 3, 4, 5, 6}. If we add all the seventh roots
of unity, we get 0. However, we do not have 0 in any of our orbits of size 6, e2i0/7 = 1. So, each orbit of size 6 orbit
will contribute −1 to our character sum.
For example:
f (x) = x1 + x3 + x9 + x27 + x81 + x61,
f (e2i/7) = (e2i/7)1 + (e2i/7)2 + · · · + (e2i/7)6 = −1.
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Note that every element of a size 3 orbit is congruent to 0 modulo 7. Thus, for any size 3 orbit, the character sum
contribution is 3.
So, if 36 = 6 + 6 + 6 + 6 + 6 + 6, then a0 = −6 = −1 − 1 − 1 − 1 − 1 − 1.
Case 1:
36 = 6 + 6 + 6 + 6 + 6 + 3 + 3,
a0 = −1 − 1 − 1 − 1 − 1 + 3 + 3 = 1.
Case 2:
36 = 6 + 6 + 6 + 6 + 3 + 3 + 3 + 3,
a0 = −1 − 1 − 1 − 1 + 3 + 3 + 3 + 3 = 8.
The 27 breaks up as
27 = 6 + 6 + 6 + 6 + 3,
a1, a2, a3 = −1 − 1 − 1 − 1 + 3 = −1.
If 27 = 6 + 6 + 6 + 3 + 3 + 3, a1, a2, a3 = −1 − 1 − 1 + 3 + 3 + 3 = 6.
So, the only choices for a1, a2, a3 are −1 and 6.
a1 a2 a3
−1 −1 −1
−1 −1 6
−1 6 −1
−1 6 6
6 −1 −1
6 −1 6
6 6 −1
6 6 6
We now look at a character of order 14, g(x, y) = a0 + a1x + a2y + a3xy where x and y are the second roots of
unity. We expect to get 9 for (x, y) ∈ {(−1,−1), (−1,+1), (+1,−1)}
a0 a1 a2 a3
8 −1 −1 6
8 −1 6 −1
8 −1 6 −6
8 6 −1 −1
8 6 −1 6
8 6 6 −1
8 6 6 6
8 − 1(−1) − 1(−1) + 6(−1)(−1) = 16,
8 − 1(−1) + 6(−1) − 1(−1)(−1) = 2,
8 − 1(−1) + 6(−1) + 6(−1)(−1) = −5,
8 + 6(−1) − 1(−1) − 1(−1)(−1) = 2,
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8 + 6(−1) − 1(−1) + 6(−1)(−1) = 7,
8 + 6(−1) + 6(−1) − 1(−1)(−1) = −5,
8 + 6(−1) + 6(−1) + 6(−1)(−1) = 2.
In all case, the character sum has modulus, different from 9, which is a contradiction. This completes the proof. 
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